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In this paper, we generalize a discrete model of the inner product associakd with 
a distribution function, called a typical inner product. In this case, the nth 
orthogonal polynomial has multiple roots. Necessary and suffkient conditions for the 
existence of quasi-typical extensions for an inner product defined in &, (vector 
space of polynomials of degree <n ~ 1) are given. We also obtain a noteworthy 
expression for the nth moments in terms of the above moments. (’ 1990 Academic 
1. INTRODUCTION 
Let 7 be a Jordan arc, and CT,, CT*, .. . . CT,~ distribution functions defined on 
3’; that is, for j= 1, 2, . . . . h: 
(a) a,:y+R is a nondecreasing function in terms of the 
parametrizkion of the Jordan arc. 
(b) lli ?F’du, / < cu, for k, I= 0, 1, 2, 
We consider L;(a,, c.J~, . .. . oh) defined as 
I 
( f”- “@)I2 da, < ~8 
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with the usual inner product 
(1) 
For a compact interval A of the real line, several properties of 
orthogonal polynomials associated with this inner product have been 
studied in [2]. For example, the zeros of these polynomials need not be 
distinct or lie in A. There are no references for similar problems in the 
theory of orthogonal polynomials over curves or arcs. In this paper, we 
analyze a discretization of (1) and compare it with the typical inner 
product which appears in the theory of moments and Gaussian quad- 
ratures (see [ 1,4]). 
Let x,. X~, . . . . rk E 7, and let a, : ;’ -+ R (i = 1, 2, . . . . 11) be defined by 
a,(~) = K,, if rim , <Z < r,, with the natural orientation on the arc ;’ induced 
by the parametrization (see [3]), where the K,, satisfy p,, = K, + ,,! - K,, > 0 
for each j = 1, 2, . . . . k - 1 and i = 1, 2, . . . . h. Moreover, if p,, = 0, we assume 
p,, = 0 for each I > i. 
This discretization of (1) allows us to represent it as 
k l’, 1 
<.f; g) = c c .f”“‘)(X,)g’m’(r,)P,.nl+ 1, (2) 
,=I ,,r=O 
where p, (1 <p, 6 k) is the number of distribution functions o’, which have 
a jump at c(,, that is, p,, > 0 for i = 1, . . . . IL,. 
Remarks. 1, If 0; = C, for each i, ( 1) is the inner product which defines 
the Sobolev spaces. 
2. If /A,= 1, ,j= 1, 2, . ..) k, we have a degenerate situation studied in 
[3, 51 for some particular classes of algebraic curves, namely, harmonic 
algebraic curves and equipotential curves. 
3. P,!(Z) = (~-cc~)~‘~ (Z ~ CX#? ... (r - CX~)~‘” is the nth manic 
orthogonal polynomial for the inner product (2) where I:-, p, = n. 
2. QUASI-TYPICAL INNER PRODUCT 
2.1. DEFINITION. Let ,u,, ,u?, . . . . ,U~ be positive integers, let CF=, ,u~ = n, 
let r,, tlZ, . . . . CY~, 1 d k d n, be complex numbers, and let p,, . . . . . ,D,,~,, . .. . 
Pkl - “‘1 Pk,Q be positive real numbers. 
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A quasi-typical inner product is an inner product defined in .q, by the 
Gram matrix M, = (co):, = ,,, where 
e,>O and V,,=n(n- l)‘..(n-m+ 1); n, m=O, 1, 2, . . 
The Gram matrix M, ~ , , also called the generalized moment matrix, is 
congruent to a nonnegative diagonal matrix P, 
where 
P= 
i 
and P’k ~~ r is the generalized Van der Monde matrix. 
If k=n, we obtain the so-called typical inner product, which has been 
studied in [3, 51 for some canonical types of algebraic curves in the 
complex plane. 
2.2. PROPOSITION. For a quasi-typical inner product defined in q:,: 
(a) If Q(z), R(z) E g, and the degree of Q(z) or the degree .of R(z) is 
#n, then 
<Q(Z), R(z) > = 2 ‘Ii’ p,.m + , Q(“‘(z,) R’“‘(q). 
*=I n,:O 
(b) If Q(z) and R(z) E S$ and their degree is exact!,~ n, then 
<Q(z)> R(z)) = i “$~,.,,,+,Q’““(ai) R’“‘(@,)+q,,~,e,,, 
r=l m=n 
ltlhere q,,, rn are the leading coefficients qf Q(Z) and R(z), respeclicelj,. 
238 CACHAFEIROAND MARCELLAN 
(c) The zeros of the nth manic orthogonal polynomial p,,(z) are 
%I> OL2> ‘.‘, xk, ulith multiplicities p, , p2, . . . . pk, respectively. 
Prooj: (a) and (b) are obvious by using linearity properties. 
(c) For each Q(z) E 8, , , 
I 
0 = (k(4, Q(Z)> = ; “h Pr.nz+ 1 E%d Q@Y$). 
, = I ml = 0 
If we consider the Lagrange-Sylvester polynomials LJz), i= 1, . . . . k; 
m = 0, . . . . p, - 1, which are characterized by 
L”‘(% )=b 6. r.m I ,m 1,) 
we get P,.,,, + I pj:“‘(r,)=O, and the result follows immediately. 1 
3. QUASI-TYPICAL EXTENSIONS 
3.1. DEFINITION. Let m,, , = Cc,,)&‘, be a positive definite Hermitian 
matrix. 
A matrix m,, = (d,):f,=, is a quasi-typical extension of the-matrix m,,- , 
if 
(a) There exist complex numbers c(, , c(~, .. . . yk and positive real 
numbers pI , , . . . . P~,~,, . .. . pkl, . . . . pklri, err, with I:= l !J, = n such that 
I, h = 0, . . . . n, (I, h) # (n, n); 
(b 1 6, = C.//T 2 for I, h = 0, . . . . n - 1 
3.2. PROPOSITION. Let m,, , = (cl,):;& the Gram matrix of an inner 
product defined in %q,, , . 
The ,following properties are equivalent: 
(i) A quasi-typical extension .for m,, , exists. 
(ii) {Ll(-)lj= 1, .__, k, m = 0, . . . . p, ~ 1 )- is un orthogonal husis in 
8, 1 
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(iii) {(8K,,_ ,(z, cc,)/ajif)j i= 1, . . . . k; 1= 0, . . . . pLi- 1 } is an wthogonul 
basis in 8, ~ 1, where Lve denote 
and inhere K,, ,(z, y) is the (n - 1) st kernel 
k’,,~,(Z,y)=~C’iB,(3)~,(1’); det rn., 
,=o “l e’=det rn,-,’ 
for j = 1, . . . . n, and e, = coo. 
Proof. (i) * (ii). 
CL ,..s (Z)> L,,(z)) = i y P,.m+,q~‘(C(,) Lgya,) 
,=I m=o 
=p,..,+ I~,,~.,,. 
Then {LJz)) constitutes an orthogonal system in Pn., and, conse- 
quently, a basis. 
(ii) * (iii). 
“Kr,- I(=, C(r) =i “f ay7’L,,,(z). 
act; ,:I m=O 
Then 
and 
8’K, ~ ,(z, a,) L.,(z) 
&j’ r = (L,,,(z), L,,,(z)) =i”rJLrJ(z). 
(iii) 5 (i). 
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Therefore 
c?‘K,, I(;, a,) 
act; > 
= L)!,‘(x,) = (5 ,,,, L 
and 
~ L,.,,,(z) = 
1 
’ d”‘K,, ,(z, tl,) 
aa:l 
(3) 
Since 
/ 1 
z’= i y V,/$;’ ‘ifL,,,,(z) (l=O, . ..) n- 1). 
we have 
= c ‘& v,,,, 4&i “‘i!, “‘P1.,?,+ 1 > I _ I ,,I = 0 
where 
Then we can define the quasi-typical extension as usual. 1 
As a very simple consequence of (3), we have 
Finally, we obtain a remarkable expression for the nth manic orthogonal 
polynomial associated with the quasi-typical extension in terms of the 
above mentioned orthogonal basis. 
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3.3. PROPOSITION. For a quasi-typical extension qf an inner product 
dtlfined in #, I1 
pj/‘~~,‘) (a,)#O, i= 1, . . . . k, by (4)). 
(ii) 
1 
Cd, = 
X 
(/I = 0, . . . . n - 1 ), N&w 
(cc/)“” II= 1, a, I’, + 1 I./‘, I I 
and V,. (,, , =0 fj<p,- 1. 
Proqf: (i) is an immediate consequence of (3) and (4). 
(ii) By the above expression, for h = 0, . . . . n - 1, 
But, since 
coo Cl0 “. (‘e 1.0 1 
COI c,, “. c,, 1.1 5, 
..,................................. ) 
co. II ~~ I Cl.,, I .‘. C,,-l.tr I I 
(y" ~~1 
1 2 zll- 1 0 
coo ‘.’ c,, I.0 
(1)"" 1 
W’K,~,(z, cr;) $ h 1 2 = _- . . . . . . . . . . . . . . . . . . . . . (7a~,~, 
A i N ~ I -- 
C0.n I ". c,,-I.,* I 
,,--I (/I, 
(2, ) 
I) 
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; (1)“” ‘I 
I : 
m,, I I (Ml ,I- I (pry I,.J 
--J 
Cl/, . cn 1.1, 0 cq,,y- ” 
Now (ii) follows immediately. 1 
Equality (ii) allows us to obtain the moment of order (n, h) in terms of 
the above moments. 
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